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An analytic solution is given for the problem of convective heat- and mass-exchange of a 
sphere with t r ansverse  flow of mat te r  along the surface for values of Peclet  numbers  
sma l l e r  than one and for blowing velocity smal le r  than that of the incoming gas flow. The 
solution for velocity field obtained by the authors in a previously published publication is 
employed on flow past  a sphere with blowing; the method of asymptot ic  expansions of 
Acrivos and Taylor is also used. Expressions to the second approximation are  determined 
for tempera ture  field and for the values of local and averaged Nusselt  numbers .  It is shown 
that blowing reduces the tempera ture  gradient  or  the concentrat ions at  the surface.  

In [1] the formulation was given of a flow past a sphere together with its heat-  and mass-exchange in 
the presence of a t r ansverse  flow of mat te r  a c ro s s  the surface;  solutions were obtained in the second a p -  
proximation for the velocity profile and the res i s tance  coefficient by using the method of Pearson  and 
Proudman [2]. 

The second half  of the overal l  problem, namely the determination of tempera ture  field or  concentra-  
tions around the sphere,  reduces to the solving of the following heat-balance equation in its dimensionless  
form: 

t o ( O h )  t 0 r 1 2. Oh, P [  Oh Ve( i  2,, Oh~ 
Vel t=-Ti-Or r~-~" -Jr"~- '~[(  - - b t ) ' ~ ' J = - ~  - Vror  7" " - -bt) ' -5-~j  (1) 

where h = (T--T~)/(Ta--T~o) is the dimensionless tempera ture  (or concentration),  T a is the tempera ture  of 
the sphere surface,  Too is the tempera ture  of the oncoming flow, Vr and V 0 are  the radial  and tangential 
velocity components,  respect ively ,  g -= cos 0, 0 = 0 is the direct ion of the oncoming flow, P = 2aU~/D, a is 
the sphere radius,  and D is the diffusion coefficient.  

Our a im in this work is to solve Eq. (t) by using the method of Acrivos and Taylor  [3] in the case of 
a slow flow past  a sphere with constant blowing intensity and with the same tempera ture  on the entire sur -  
face if 

[l ~ hU~ v R1 
,; < ~ ,  s=--~-~i,, k=--~-<l  (2) 

where Ri = a V / v ,  V is the radial  blowing velocity on the surface,  and v is the coefficient of kinematic vis- 
cosity.  

If the method of [3] or  of [2] is used in a hydrodynamic problem, then the solution of Eq. (1) is sought 
in the form of two different expansions of the same function which is uniformly valid in the entire flow region. 

For  the f i rs t  expansion, which is valid only in the inner region close to the sphere,  one has to substi-  
tute in Eq. (1) the velocity components obtained in [1] for the same inner region; these a re  equal to 
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Then Eq. (1) is t r a n s f o r m e d  into the fol lowing:  

z o h  [(  3 i ) (  382\ 
Vr2h --  r ''i Or A~_ 1 - -  ~ + ~ 8 -1- -g~--) ~ ~- 

3~ ( 3 1 t 1_ ) ( t _ 3 ~ , ) _  
+ ~  t - - ~ - ~  2~ 2~ + 

16s 7 ~ r ~ + ' " / ' ~ V  + 7 4~ 4~, e +  8s / - -  

8s ' 7  4r~ [- 4r' 2r~ ) ~ --  32a' \ r 2 r' " '" ~"  

(3) 

(4) 

(5) 

where  ~ = 1/2 P, (T = SR/. 

In view of  (2) a solut ion of this equat ion can be r e p r e s e n t e d  as a s e r i e s  of powers  of the s m a l l  p a r a m -  
e t e r  ~, 

c~ 

h (r, Ft) = >_] ] ,  (e) h,, (r, ~), 1o (e) = I (6) 

u n d e r  the a s s u m p t i o n  that  f n + l / f n  ~ 0  i f  c ~ 0 .  

The c o r r e s p o n d i n g  b o u n d a r y  condi t ions  on the Sl~here su r f ace  a r e  

ho (t, it) = 1,  h n (1 ,  ~t) = 0 for n > t 

For  the second  expans ion ,  which  is  va l id  only in the ou t e r  r eg ion ,  i . e . ,  a t  l a rge  d is tance  f r o m  the 
sphe re ,  one has  to use the ve loc i t y  componen t s  obtained in [1] fo r  that  r eg ion ,which  in the s t a n d a r d  r and 

coo rd ina t e s  a r e  g iven by 

(7) 

3 3 ( ,  
Vr --- ~t -~ 2,'~R 2 r'--#-~ + exp  [ - - 1 / 2 R r ( i  - -  ~)l 

V9 = - -  t + -~7. exp [-- 1/2Rr (1 --  ~)1 (1 --  1~2) ','. (8) 

The in se r t i on  of  (8) and a change of  v a r i a b l e s  y ie lds  

p = 8r, H = h (9) 

Equat ion  (1) fo r  the o u t e r  expans ion  is t r a n s f o r m e d  fo r  the hea t  p r o b l e m  into the fol lowing:  

3 e  +{[+  + ( -  .} 0- "" (10) 

The so lu t ion  is a lso  g iven in a s e r i e s  f o r m  

H(p, t~) = ~ Fn(e)H.  (p, ~) (11) 
n= l}  

where  F n + l / F  n ~ 0  fo r  ~ ~ 0  and the bounda ry  condi t ions  a t  inf ini ty a r e  

H ( c o ,  ~t) = 0 (12 )  

This m i s s i n g  bounda ry  condi t ions  fo r  the inne r  as  well  a s  ou te r  expans ion  follow, s i m i l a r l y  as  in the 
h y d r o d y n a m i c  p r o b l e m ,  f r o m  the cont inua t ion  of  both a s y m p t o t i c  expans ions  into the i n t e r m e d i a r y  reg ion  

h (r -+ oo, ~t) = H (p -+ 0, ~) (13) 
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The solut ion is c o n s t r u c t e d  as  fol lows.  Since in the inne r  expansion (6) one has  f0 (e) = 1, i t  is obvious  
tha t  in Eq.  (5) fo r  h 0 only the leading t e r m  is  left  

c3ho (14) V~2h~ = ~ a~ 

It  a lso  fol lows f r o m  the condi t ion (2) that  (r < 1; t h e r e f o r e  i t  is expedien t  to expand the leading t e r m  
of  h0 as  wel l  as  the subsequen t  t e r m s  into power  s e r i e s  in the sma l l  p a r a m e t e r  a ,  

h,~-= ~, am~,~( r ,  ~) (15) 

Then  Eq. (14) b e c o m e s  

t 0%, ~ - t  (16 )  
V,)q)o,m ~- r 2 Or 

with boundary  condi t ions  on the su r f a c e  

%0 = t, % , ~ = 0  for m > t  (17) 

By solving the equat ions  by the method  of  the va r i a t i on  of  p a r a m e t e r s  s t ep  by s tep  for  m = 0, 1, 2, 
� 9  and by sa t i s fy ing  e v e r y  t ime the boundary  condi t ions  (17) one can obtain  the fol lowing gene ra l  solut ion:  

\ 

o t t t h o =  ~ + ~ ( ~  t 
e e  

-~- 1.2r a 24r 4 -~ . . . -4" ~ (Booq Jv 5Bolq 4- 5~'Bo2q 4 - . . . )  • 
q=O 

[(, ) ( , , +o.( X r---~-~--~r g -~- Z 2rq+ ~ 2 4(2q~,-~q-_1) rq+l-- 

q Jr-2 q - - I  rq_21 4- 5a __ 2q~-1  
4 (2q + 3) r q+a -[- 4 (2q -- 1) j 8 (2q -~ 3) (2q -- 1) r q+2 -~ 

+ ) ]/ 24 (2q -t- 3) r T M  24 (2q -- 1 rq-.~ 4- . . .  Pq (~) 

(18) 

where  l~q(p) is the Legendre  Sl~herical funct ion of the f i r s t  kind. 

The e x p r e s s i o n  can be r e w r i t t e n  as  

h @  - -  - -  : ~o (-t)~ ~' ~=o~0 t e -~ (t + i)! r ~*l 4- ] z~B~ - -  4- r q 4- 
- - -  . . ~  r q 

t l ) ( 2 q q - t  q 4 - 2  
2rq+~ 2 rq-t 4- ~2 4 (2q -4- 3) (2q l) r q+l 4(2q4-3)  r q§ ~" 

q - - ' t  ) ( 2 q - ' t  
+ 4 ~ - - - 1 )  rq-2 J r z 3  - -  8 (2q4_3) (2q_ l ) rq+2 Jr- 

4- 24(2q4-3) r ~+4 24(2q--1) rq-a 4 - . . .  pq(p~) 
(19) 

which can eas i ly  be seen  by expanding the leading t e r m  into a Mac lau r in  s e r i e s .  

To find the f i r s t  app rox ima t ion  fo r  the inner  expans ion  only t e r m s  of  z e r o  d e g r e e  in e a re  lef t  in (10). 
The gene ra l  solut ion of  the c o r r e s p o n d i n g  equat ion can be found in [3]; i t  is  

H0 ~ I-~7-) exp (l&pF) ~, CkK~+1/2 ( + ) P ~  (~) 
k = 0  

(20) 

where  

n 

K,+V~ = exp (-- 1/2p ) =0 (n -- m)! ,n! r~ rn 

is  the modif ied  B e s s e l  funct ion.  
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If the so lu t ion  (19) is wr i t t en  in the coord ina t e s  (9) and the h ighe r  t e r m s  a re  r e t a ined  in i t  and also in 
(20) with r ~ o  and p ~ 0 ,  then the ma tch ing  condit ion (13) b e c o m e s  in this case  

co cr cc 

~ -5 ~ ~ ~iBo~ f P q  (ix! nf~ (~) [1 - 5 . . . l  ~ C~ (2/~)! Pk (ix) (21) 
" t_e-~ p sq = '  p ' k! p~ 

r-->~ 0-->0 

It follows directly that the above equality takes place if and only if 

Bo~q=O, C ~ = 0  for k > t ,  C o = ~ / r ~ ( l - - e - r  Fo (e )=  

One thus obta ins  for  the f i r s t  a p p r o x i m a t i o n  of the solut ion in the inne r  and ou te r  r eg ions  

z ~--o -(--l)---~i z-~ ~ i -- e-~/~ (22) 
ho = t ---e -~ .= (1 -}- i)[ r i+l i -- e -~ 

z i exp[ - -1 /2p ( l - - iQ] ,  F o ( e ) = e  (23) Ho ~ t -- e -~ P 

It is  noted that  the e x p r e s s i o n  (22) is  iden t ica l  with tha t  obta ined in [4]; i t  is the exac t  so lut ion fo r  a 
sphe re  with blowing in a m e d i u m  at  r e s t .  I t  is  thus val id f o r  any blowing in tens i t i e s ;  the l a t t e r  was  e x p e r i -  
men ta l ly  ve r i f i ed  (see [5]). 

The second  a p p r o x i m a t i o n  h i is  obta ined  in a s i m i l a r  m a n n e r .  If  one a s s u m e s  f l (e )  = e then Eqs .  (5), 
(6), and (15) i m p l y  the fol lowing:  

t O % , m - i (  3 t ) 
Vr2(Pl, m----- r2 Or -5 t - -  "~r - 5 ~  I 1 " -  

9 ( t  2 t )  0%,~-1 
165 "r ,'~ -5 -~" Ix O,' 

0~o, m 
Or 

(24) 

s ince  a f t e r  ma tch ing  (21) the de r iva t i ve s  of  al l  ~o0, m with r e s p e c t  to # van ish .  By using the p r e v i o u s l y  o b -  
ta ined values  of  q)0,0, ~o0,1, and ~o0, 2 one can obtain  the fol lowing g e n e r a l  so lu t ion  which sa t i s f i e s  the boundary  
condi t ions  ~Ol,m(1, p) = 0 

[ ( t  3 3 I ) ( I  7 63 lnr 1 7 )  
hi = 2 4r -5 8r z 8, -~ -5 '~ ',~t 8r ~- ~ At- 4r a" 4r a -5 ~ -5 
4_Z2(J 4 5 . 247 lnr t49 lnr 1 t ) ] 

�9 tfr-i-4--'ffff~'r2 -~ 8r 2 480r a 8r a -~ tOr~ 30r ~' - 5 " ' '  II' dr* 

9 [ ( - ~  , 2~.r ~) 
§  ~ W/-5 ~r-5-g~ro. -5 TO- -5 

- 5 , ~ 2 ( - - 1  7 . | n r  + 1 l n r  7 ) ] 
-5 ~ ~ 4r~ 3r~ 40r~ - 5 " "  ~ -5 

+ ziBlio ~ - s r  q + z  r ~-t + 
= i=o 2rq+2 2 

2q4-I q-}-2 q - - t  )] } 
-5 ,~2 (, 4 (2q @ 3) (2q -- I) r q+l 4 (2q -}- 3) r q+3 -5 4 (2q -- 1) rq-2 -5" " " Pq(~) 

(25) 

To m a t c h  this so lu t ion  with the ou t e r  so lu t ion  by using the condi t ion (13) only h i g h e r  t e r m s  in r ~ 
m u s t  be left  in (25), the so lu t ion  m u s t  be r e p r e s e n t e d  in the coo rd ina t e s  (9), and one m u s t  e l imina te  f r o m  
(23) the p r e v i o u s l y  m a t c he d  h ighes t  t e r m  in p ~ 0 .  This y ie lds  

e~ 

i = l  
F---> CC 

oo co 

5 2 r-q(ix) , [ _ §  i _ , ) -5 . . ]  
q = I  {=9 gq ~ - -  e-a  P 

p--*0 

(26) 
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Since  

one can  s e e  by  c o m p a r i n g  the t e r m s  tha t  the  e q u a l i t y  i s  s a t i s f i e d  i f  

~o 

B l i p = 0  for q ~ t ,  ~ B l i ~  2 i _ e - O  ' / l(e) = e 

tha t  i s ,  the p r e v i o u s l y  a s s u m e d  f o r m  of  the  funct ion  f l  (e) i s  s i m u l t a n e o u s l y  c o n f i r m e d .  

In th i s  c a s e  the t e r m  with the s u m m a t i o n  s i gn  in (25) i s  equa l  to 

- z - - 1  t t 

and the p o l y n o m i a l  in the s q u a r e  b r a c k e t s  can  a l s o  be  w r i t t e n  as  1 - ( l - e - ~ / r ) / ( 1 - e - ~ ) .  

Thus the  f ina l  f o r m  of  the s o l u t i o n  fo r  h in  the s e c o n d  a p p r o x i m a t i o n , w h i c h  i s  the one we a r e  s e e k i n g ,  
i s  g iven  by  

h ~- lto + eh l  = t - -  exp ( - -  z / r) ez [ t - - e x p ( - - 6 / r ) ]  
l -- exp (-- z) 2 l l _ ~ x p ( _ z ) ]  I ~:S~x~-__-~i.-{- 

[(I 3 3 I ) ( l  7 63 ln r  t 7 )  
+ e 2 4r ~ 8r ~' 8r ~ ~- 5 4 8r ~- ~ -~ 4r a 4r a ~- ~ ~- 

_~52(  I 5 247 ln r  t49 ln r  i t ) 
24 16r -~- W -~-'8r ~ 480r a 8r a 4 t0r 4 3Or 5 -~ .  �9 �9 

9z [ - - 1  t 21nr I ) 
-~-lOS \ 2 r - ~ -  ?-~Tr" -~ ~ -~- 4--~- + 

9~z / - - t  . 7 . ' n r  ] l n r  7 ) ] + ~ \~ + ~ + ~ 4- . . (27) . 4r 3 3r a 40r ~ -~. . 

with an  a c c u r a c y  up to the t e r m s  of  the o r d e r  of  e.  

If by  loca l  o r  a v e r a g e d  N u s s e l t  n u m b e r s  one u n d e r s t a n d s  in  th is  c a s e  t h e i r  s t a n d a r d  de f in i t i on ,  n a m e l y ,  

N u * = - -  2[Oh~ 
\ Or/, '=l ' 

+1 

--1 

then  t h e i r  v a l u e s  in  t e r m s  of the m o r e  usua l  no ta t ion  RI* = 2R1 a r e  

SRl  * P (Sth*)" exp ( ~  lhS/?l*) 
Nu* = exp (V.2Slti*) --  I ~- ~ [1 --  exp (-- l/-,.SRi*)l~ -~ 

_ ~ [  SHI* , (S"I*) 2 Rl* S(Rt*) ~ ] 
+ --i+TtT+ i6 too .~t -}- . . .  

SRi * P (S Ra *)" exp (-- i/2SRi *) 

(28) 

(29) 

r e s p e c t i v e l y .  

By u s i n g  (2) the l a t t e r  e x p r e s s i o n  can  be  e x p r e s s e d  in s e r i e s  f o r m  

Nu = 2 SRI* (S lh*p  p 5p (Sf,')~ 
2 + 24 ~ - " "  -~ 2 2~s + " "  (30) 

I t  i s  much  m o r e  d i f f i cu l t  to o b t a i n  h i g h e r  a p p r o x i m a t i o n s ;  for  s m a l l  P and ~2SR1 * i m p r o v e d  r e s u l t s  
a r e  h a r d l y  p o s s i b l e .  

I t  can  be s e e n  b y  c o m p a r i n g  (30) wi th  the e x p r e s s i o n  ob t a ined  in  [4] tha t  the l e a d i n g  t e r m s  a r e  the 
s a m e ;  the  s e c o n d - d e g r e e  t e r m s ,  h o w e v e r ,  have  b e c o m e  s l i g h t l y  m o d i f i e d  in  the m o r e  a c c u r a t e  s o l u t i o n  (30). 

The a n a l y s i s  has  shown tha t  b lowing  r e d u c e s  the g r a d i e n t  t e m p e r a t u r e s  o r  the c o n c e n t r a t i o n s  a t  the 
s u r f a c e  and s m o o t h e s  out  the i r r e g u l a r i t i e s  of  the t r a n s f e r  c o e f f i c i e n t  in the f r o n t a l  and  r e a r  r e g i o n s  of 
the  s p h e r e .  
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Strictly speaking, the derived formulas are only valid if the conditions (2) are satisfied. However, as 

previously stated, for P = 0 the expression (22) is valid for any blowing intensity. 

In conclusion, it should be recalled that an actual enthalpy flow inside the material of the sphere it- 

self in the presence of blowing could be given by the formula 

Nu k~ ,~ 
q ,  = ~ ( r ~  - -  r a )  - -  O c t , V T ~  (31) 

where Nu is calculated by the formula (29), ~ is the gas heat-conduction coefficient,  and pCp is the heat 
capacity of the blown-in mat ter .  The las t  t e r m  takes into account the loss  of heat  enthalpy due to the mat-  
te r  reaching the sphere;  in the case o fahea ted  sphere it reduces qs even fur ther ,but  cooling increases  the 
absolute value of the flow of heat enthalpy. 
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